The multi-level fast multipole algorithm (MLFMA) is applied to the analysis of planewave scattering from multiple conducting and/or dielectric targets, of arbitrary shape, situated in the presence of a dielectric half space. The multiple-target scattering problem is solved in an iterative fashion. In particular, the fields exciting each target are represented as the incident fields plus the scattered fields from all other targets. The scattered fields from each target are updated iteratively, until the induced currents on all targets have converged. The model is validated with an independent scattering algorithm, and example results are presented for several scenarios of interest to remote sensing.
general conducting or dielectric targets in the presence of a half space [13] [14] [15] [16] . Other researchers have developed related computational tools [17] [18] [19] [20] [21] . The MLFMA addresses an integral equation like MoM, but requires order N log N memory and P·N log N CPU time, making tractable the analysis of scattering from previously unsolvable electromagnetic problems [13] [14] [15] [16] [17] [18] [19] [20] [21] .
In the work presented here we extend the MLFMA to the analysis of multiple conducting and/or dielectric targets in the presence of a half space. We employ an iterative procedure analogous to that described above and developed by Tsang et al. [3] . In particular, the MLFMA is employed to rigorously solve for the scattered fields from a general conducting or dielectric target situated in isolation in the presence of a half space. The excitation fields on each target are the incident fields, plus the MLFMA-computed scattered fields from all other targets. This procedure has been employed for the related problem of scattering from body-of-revolution targets with arbitrary appendages [22] . The approach is naturally amenable to a parallel implementation, with each target analyzed on a separate processor, with the scattered fields from a given target communicated to all other targets. In this initial study we do not consider a parallel implementation, although we employ a careful use of computer memory such that the required memory is only that required of the largest target considered, rather than the cumulative memory required for all targets. This issue is discussed in greater detail below.
As indicated above, the analysis presented here is of interest for several remote-sensing problems. We first validate the iterative MLFMA solution with comparison to results computed via an independent scattering model. The canonical problem of scattering from two cylinders situated above a half space is also considered, this of interest in the future for validation of new models. We then present more-realistic results. In particular we consider scattering from two tree-like targets, a man-made vehicle situated behind a tree-like target, a buried target situated under a rough soil interface, and two unexploded ordnance (UXO) buried in soil.
The remainder of the paper is organized as follows. In Sec. II we present the iterative MLFMA formulation, with canonical test examples presented in Sec. III. Example scattering results of interest for remote-sensing problems are discussed in Sec. IV, with conclusions presented in Sec.
(2b)
V.
II. Formulation

A. MLFMA analysis
The multi-level fast-multipole algorithm (MLFMA) has been presented in several recent papers [13] [14] [15] [16] [17] [18] [19] [20] [21] , and the interested reader is referred to these papers for an in-depth discussion of the formalism. We point out particular issues of interest for the problem considered here, with a focus on perfectly conducting targets for notational simplicity. We have also developed the MLFMA for dielectric targets [16] , and in Secs. III and IV results are presented for multiple dielectric targets. The case of dielectric targets is analogous to that presented below, with additional notational and computational complexity [16] . For conducting targets we employ the combined-field formulation with the scattered fields given by (inside half-space i in which the target resides)
The unit vectors n and t are normal and tangential to the scatterer surface, respectively; x is on the surface of the target; = 1-j) /7 , µ and k represent the complex relative permittivity, To solve an integral equation of the form in (1), the unknown surface currents J(x) are expanded in a set of known functions with unknown coefficients, where here we employ the Rao, Wilton, Glisson (RWG) [24] basis functions. The integral equations are solved by using testing functions identical to the expansion functions, resulting in a matrix equation Zi=v, where Z is an N×N impedance matrix, i is a N×1 column vector representing the unknown basis-function coefficients, and v is an N×1 column vector representing the incident fields tested on the target surface. The fast multipole method (FMM) [25] utilizes properties of the free-space Green's function whereby interactions between expansion and testing functions are treated on a cluster-by-cluster basis, with each cluster defining a set of proximate basis functions. This approach is appropriate if the clusters are "far enough" apart, with this defined in a rigorous manner [13] [14] [15] [16] [17] [18] [19] [20] [21] 25 ]. The remaining interactions, which are too close for the aforementioned technique, are treated as in the traditional MoM, this typically yielding a sparse and nearly diagonal matrix multiplication. In the MLFMA, multiple clusters sizes are considered consecutively, in a nested fashion, this yielding order N log N memory requirements and order P·N log N CPU time. The principal complication of interest here, in the context of the half-space problem, involves extending the FMM identities from the free-space case to the half-space problem. These issues are discussed in detail in [13] [14] [15] [16] .
B. Multiple targets
Assume that we have M targets situated in region i of a half-space problem. The formulation in (1) now generalizes to
where we have an equation of the form in (3) One could solve (3) directly, although we have found it easier to consider the following iterative procedure. The efficacy of the iterative approach is discussed further below. We now define the vector propagator from target k to target m as where we have made explicit the dependence of P on the current on target k, J . We now rewrite mk k
The representation in (6) suggests the following iterative solution strategy. Let J represent k q the surface current on target k on iteration q, where we start at q=0. Defining U(q=0)=0 and U(q>0)=1, we solve (6) via the iterative algorithm
In (7), on the initial iteration q=0 the M targets are analyzed in isolation. On subsequent iterations q>0 interactions between the targets are accounted for by the summation term in (7), using the currents computed on the previous iteration. For q>0 and a given target m, the left side of (7) corresponds to the incident fields plus the scattered fields from all other targets kgm, the latter computed using the currents induced on targets kgm, as computed from iteration q-1. In the examples we have considered, as discussed further in Secs. III and IV, we have found that the algorithm in (7) typically converges after a small number of iterations. The uniqueness theorem guarantees that it converges to the correct solution, if all boundary conditions are satisfied, as they are by construction.
C. Discussion
The formulation in (7) has several attractive features. For example, the method involves analysis of scattering from isolated targets, and therefore it is directly amenable to existing codes [13] [14] [15] [16] [17] [18] [19] [20] [21] . The interactions between the targets are accounted for by updating the excitation fields on the left side of (7). Therefore, although the formulation has been presented for multiple perfectly conducting targets, it is readily applicable to dielectric targets as well. We also note that in the formulation in Sec. IIA it has been assumed that each target exists entirely in a single region of the half space (region i). However, the formulation in (7) is also applicable to multiple targets, with a subset of such in one half-space region, and the remaining targets in the other. For this case the propagator in (5) is modified to account for the scattered fields in one region due to induced currents in the other.
The construction in (7) is also ideally suited for a parallel implementation. Individual processors can be used to model scattering from particular targets, with interaction between the different targets accounted for via communication between processors (represented by the summation term in (7)). Such an approach allows consideration of a large number of scatterers, analogous to the work of Tsang et al. [3] in which multiple dielectric cylinders were considered. We
have not implemented such a parallel implementation here, although we have employed a related formulation that has increased the problem sizes we have addressed in this initial study.
Note that for computation of the induced currents on target m at iteration q, J , we require termination is set to be relatively large, with the required error diminishing gradually as q increases.
The initial relaxed MLFMA error requirement accelerates CG convergence, without sacrificing (in our experience) final algorithm accuracy. For q=0, 1, 2, 3, 4 we have set the (percentage) MLFMA error criteria at 10%, 5%, 1% and 0.5%, respectively. For q>5 the error criterion is fixed at 0.1%.
The overall algorithm is terminated when all the currents converge, i.e. when i -i /i is below
a prescribed value, where here we have chosen 0.1%.
III. Canonical Examples
Before presenting scattering examples of interest to remote sensing, we first consider three canonical examples. The first example considers the MLFMA analysis of scattering from two perfectly conducting cylinders residing in free space. This problem is solved in two ways: (i) with both targets treated as a single composite target (as in a traditional MLFMA analysis) and (ii) using the iterative scheme discussed in Sec. II. In addition to comparing the scattered fields computed via these two formalisms, we address the required computer memory and computation time.
Both of the aforementioned approaches employ the MLFMA, and therefore the second example is used for validation of the formulation discussed in Sec. II, with a comparison of the scattered fields made with an independent algorithm. In particular, we compare results from the iterative MLFMA with scattering data computed using a time-domain algorithm: the multi-resolution time-domain (MRTD) [26] . The MRTD formulation is similar to the widely used finite-difference time-domain (FDTD) algorithm [27] . However, while FDTD expands the fields in a pulse basis, the MRTD employs a wavelet basis [26] . The interested reader is referred to [26] for further details on the MRTD formulation.
The final example in this section considers scattering from two dielectric cylinders situated above a dielectric half space. The results from this canonical example can be used in the future by other investigators as a reference for newly developed models.
A. Perfectly conducting cylinders in free space
We consider the two cylindrical targets depicted in Fig 
B. Two dielectric cylinders in free space
We consider the bistatic radar cross section (RCS) for two proximate dielectric cylinders situated in free space. The scattering geometry is shown inset in Fig. 4(b) . The relative permittivity of each target is =3. In Fig. 4 we compare the bistatic RCS as computed via MRTD [26] and via The agreement reflected in Fig. 4 between the two models is generally good, although there are some differences at particular angles. Note that the discretization procedures for the MRTD and MLFMA models are entirely different, and we attribute most of the differences in the results to this fact (as applied here the MLFMA applies surface basis functions, while the MRTD applies volumetric wavelet-based basis functions). In particular, as the discretization rate of the two models was increased, the agreement between the two solutions improved accordingly. The MRTD results
in 
IV. Remote-Sensing Examples
The examples considered in Sec. III are of interest for validating our model (Figs. 2 and 4) and for generation of example results that may be of interest to future investigators validating new algorithms (Fig. 5) . However, more-complex scattering problems are of interest for remote-sensing applications. In this section we consider four such examples. These examples demonstrate the utility of the algorithm, although the results themselves may be of limited quantitative value since other investigators will likely not have access to the meshes with which these results were computed.
Nevertheless, the examples presented here demonstrate the utility of the iterative MLFMA formalism in the context of analyzing realistic scattering scenarios.
A. Concealed man-made target
We consider plane-wave scattering from a model T72 tank situated above soil characterized by =5-j0.01 and )=0.01 S/m, with operation at 300 MHz. The target mesh is shown in Fig. 6 , along r with a tree-like target. The "tree" is composed of multiple connected dielectric cylinders of different lengths and diameters, with this meant to represent the trunk and principal branches of a tree. At the VHF frequencies of interest here the smaller branches and leaves cause minimal perturbation to the incident fields. For simplicity the "tree" is model with a homogeneous relative permittivity =4 and r conductivity )=0.01 S/m. These parameters are not necessarily representative any particular tree, this simply serving as an example of the code potential. The principal dimensions of the "tank" are 8 m in length, 4 m in width, and 3 m in height. The diameter of the "tree" trunk is 50 cm and the peak height is 7.2 m. We consider scattering from the "tank" with and without the "tree" present. When the "tree" is present (see Fig. 6 ) its axis is situated 3 m from the "tank" center. The plane-wave incidence angles are =45 and 1 =90 . The "tank" entails N =12,204 unknowns, and the "tree" In Fig. 7 we present the normalized induced electric current J/n×H on the "tank", for inc vertical (V) and horizontal (H) polarization excitation, when the "tree" is and is not present. For both polarizations we see the effects of "tree" blockage, with this appearing more prominently for H polarization. A comparison of the bistatic RCS, with and without the "tree", is shown in Fig. 8 To save space we do not plot the error i -i /i for this example, however the
convergence is similar to that reflected in Fig. 3 .
B. Two "trees"
In our next example we consider scattering from two tree-like targets. In particular, we consider the same "tree" as addressed in Figs. 7-8 , now in the context of two trees. Let M represent 1 the mesh for the "tree" considered in Figs. 7-8. In the context of two "trees" we consider the mesh M and a shifted and rotated version of M (see Fig. 9 ). The formulation developed here is applicable 1 1 to general such meshes, these chosen as a simple example. We consider the same soil characteristics as in Figs. 7 and 8, with operation at 300 MHz, and plane-wave incidence at angles (see coordinate system in Fig. 9 ) =45 and 1 =90 .
For this incidence direction we see that one tree is strongly shielded by a tree in front of it, and it is of interest to examine the effects of such blockage. In Fig. 10 we plot the induced electric currents on the dielectric "tree" scatterer, when the tree is in isolation and when it is shielded by a tree in front of it. Results are shown for both vertical (V) and horizontal (H) polarization, with the effects of tree shielding more evident for H polarization. This is consistent with the results in Sec.
IVA, in which the tank currents were perturbed for H polarization more than they were for V polarization, when partially shielded by the same "tree".
In Fig. 11 we plot the bistatic RCS for the same incident conditions discussed above, for scattering angles =45 and -180 1 180 . Results are shown in Fig. 11 for scattering from the
single tree (when there is no blockage) and when the two trees are present. In Fig. 11 are seen the expected strong frequency-dependent interference effects induced by scattering from multiple targets (this is seen to a far less extent in the single-tree results, although in that case multiple scattering is possible among the branching structure).
C. Two buried unexploded ordnance
In Fig. 12 we depict the mesh used to simulate scattering from two unexploded ordnance (UXO) buried in soil, using the same soil properties as used in the previous examples. In Fig. 12 the air-soil interface is situated at z=0. The incident angles (see coordinate system in Fig. 12 ) are =60 is used to transition the surface roughness to the infinite half space, and plane-wave excitation is applied. We needn't apply Gaussian-beam excitation [28] , because our rough surface is embedded in an infinite half space, mitigating the edge effects associated with previous work in which the rough interface is not closed [28] . In [29] we have discussed the MLFMA analysis of a single dielectric target placed in direct contact with a half-space interface.
In Fig. 14 rough surface of a realistic problem must be treated as a random process, with this example simply shown to demonstrate the potential of the formulation.
In Fig. 15 we plot the co-polarized and cross-polarized bistatic RCS, for incidence angles =45 and 1 =0 , and the scattered fields are observed at 0 90 and 1 =0 . The scattered fields
of the target are shown with and without the rough interface. For the parameters chosen the rough surface introduces a significant perturbation of the total scattered fields.
V. Conclusions
An iterative procedure has been developed for extending the MLFMA to the case of multiple targets, while retaining the basic MLFMA construct. In particular, each of multiple targets is analyzed in isolation via an iterative procedure, with excitation equal to the incident fields plus the scattered fields from all other targets. Concerning the latter, these scattered fields are computed using the target-dependent induced currents computed on the previous iteration. In the implementation presented here, all computations have been performed on a single computer processor. However, to reduce memory requirements, we only utilize the MLFMA components required for the target analyzed on a given iteration. In this manner the memory requirements are dictated primarily by the electrical size of the largest target considered, rather than by the cumulative electrical size of all targets.
The accuracy of the model has been assessed through comparison with a direct MLFMA analysis of multiple targets and by comparison to scattering data computed via an unrelated model (MRTD [26] ). In all cases the accuracy of the model was found to be good, and the computation time of the iterative analysis was comparable to that of the direct MLFMA solver (although, as indicated above, the iterative solver required less computer memory).
Having validated the model, it was applied to demonstrate its applicability to several remotesensing applications. In particular, it was used to analyze scattering from a model tree and tank, two trees, two buried unexploded ordnance, and for a target buried under a rough air-soil interface. In the future the model will be extended to a parallel implementation, in which each of the multiple targets are analyzed simultaneously on different computer processors, with the scattered fields from each communicated to all other computer processors, to update the excitation fields on each algorithmic
iteration. With such a formulation, in which one can exploit the potential of tens of parallel computer processors, one can envision consideration of complex problems involving, for example, many trees,
an electrically large air-soil interface, and many surface or buried unexploded ordnance or land mines. Figure 10 . Electric currents induced on the targets in Fig. 9 , for the case of both trees present (as in Fig. 9 ) and when the "tree" situated approximately at y=2 m is absent. Plane-wave incidence is considered at =45 and 1 =90 (see the coordinate system in Fig. 9 ), for an operating frequency of 
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